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In this study, a standard moving-target search model was extended with a multiple-search-speed option,
whereby a trade-off is enabled between the increased detection chances owing to the searcher's better
location and the increased uncertainty of the target's location resulting from the diminished search per-
formance incurred in the relocation. This enhances the detection probability of the output search path
and, thereby, the model's practicality. However, the scalability of the solution method is essential to its
implementation, as the basic model is already NP-hard. We developed an efficient heuristic by combining
the idea of approximate nondetection probability minimization and a hybridized shortest-path heuristic
that exploits the fast-mixing property of the Markov chain. According to the results of an intensive
experiment, the heuristic achieves a near-optimal trade-off within a very reasonable computation time.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Searching a moving target is often a time-critical issue. Consider
a drifting wreck with which communication has been lost, or an
unidentified submarine spotted and reported by a civilian ship. More
often than not, the search resources are not in the optimal location
for an immediate initiation of a mission. We then need to relocate
the search resources, typically a surface ship with detection equip-
ment, to a proper location as well as configure the search path to
maximize the overall detection probability. Of course, relocation can
be effective for a search already in progress.

However, relocation and the higher speed it entails typically di-
minish the performance of search equipment. For instance, in a
higher speed, the detection ability of SONAR is deteriorated by the
higher level of noise from the water friction and the vessel itself.
Moreover, in the course of relocation, less time can be devoted per
unit search area. Therefore, a proper relocation model should be
able to find the optimal trade-off between the enhanced detection
chances owing to a better location and the increased uncertainty of
the target's location resulting from the diminished performance.
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The discrete-time Markovian-target search model adopted in this
study has its origin in the two-cell model by Pollock [1]. For the
case in which the search efforts are infinitely divisible, Brown [2],
developed an algorithm that provides an optimal search plan. This
model was extended with generalized linear constraints on search
efforts by Dambreville and Le Cadre [3]. Frost and Stone [4] reported
a comparison of two types of antisubmarine searches using airplane-
deposited sonobuoys, one that was planned with a computer system
employing [2]'s algorithm and the other that was planned manually.
The former search's probability of success was twice as high as the
latter's.

The surface ship is another major search resource, one which is
complementary, for instance, to airplane-deposited sonobuoys oper-
ated in fixed locations for a limited period of time. A distinctive fea-
ture of the surface ship search is that its movement is relatively slow
and constrained to a path. This motivated us to consider the path-
constrained version of the Markovian-target search model, which
has evolved as a result of a series of studies [5–8]. In particular, we
extended this basic model to pursue the optimal search-relocation
trade-off mentioned above. In principle the extendedmodel, referred
to as the relocation model hereinafter, can be built by incorporat-
ing a multiple-search-speed option and the corresponding detection
probability into the basic model.

However, its implementation is a challenge: the basic model is
already NP-hard [9]; only search instances of limited size have been
solved in the literature, and extension significantly increases the
complexity of the problem. Therefore, a method offering a scalable
solution is essential. We should be able to solve, in reasonable com-
putation time, instances with a search area large enough to model
a real situation. More specifically, as our model is based on the

http://www.sciencedirect.com/science/journal/cor
http://www.elsevier.com/locate/cor
file:pkm366@snu.ac.kr
file:pmj0684@snu.ac.kr
file:mlee@snu.ac.kr
http://polytope.snu.ac.kr/sphong.html


2098 S.-P. Hong et al. / Computers & Operations Research 36 (2009) 2097 -- 2104

discrete-time Markovian target, we need to solve those search in-
stances whose number of unit area cells is large enough to simulate
a suboptimal location of searcher's to the target's.

Recently, Hong et al. [10] proposed an approximation algorithm
for the basic model. This algorithm optimizes an approximate, in-
stead of exact, path detection probability computed using the con-
ditional probabilities that take account of the search history of a
fixed length window of l periods. Finding the maximum-detection-
probability search path, then, can be formulated as a shortest-path
problem on an acyclic-layered network whose number of layers is
of the order of search duration T. A scalable feature of this algo-
rithm is that when l is fixed, its complexity is pseudo-polynomial.
As a result, this algorithm can solve search instances whose sizes
are an order of magnitude larger than those solved in the previous
studies. Another important feature of the algorithm is that it can be
modified for the relocation model. Roughly speaking, the option of
multiple search speeds can be employed by considering more of the
neighbors of each node of the shortest-path network.

However, this straightforward modification still requires exces-
sive computation time for search instances of practical size. To cope
with this difficulty, we devised a hybridized shortest-path heuristic
that switches to a local-and-forward manner of path construction
after the application of an exact algorithm for a certain period of
time. This suboptimal heuristic is justified by the fast-mixing prop-
erty of the Markov chain [11], which implies that the arc-cost dif-
ferences become relatively marginal after a certain period of time.
This significantly reduces the computation time, as we do not have
to generate the whole arcs of the network. An intensive experiment
showed that this heuristic provides, for very reasonable computa-
tional efforts, near-optimal solutions that attain the intended search-
relocation trade-off.

This paper is organized as follows. The rest of this section is de-
voted to a formal description of the relocation model. Section 2 dis-
cusses the heuristic method of the relocation model. For the sake
of comprehensiveness, we first describe the heuristic for the basic
model by Hong et al. [10]. Section 3 summarizes the experimental
results for a wide range of search instances. Finally, Section 4 pro-
vides concluding remarks and anticipates future research.

1.1. Problem formulation

Our model is based on the following assumptions:

1. A single target moves among a finite set of cells {1, 2, . . . ,C} over
the discrete-time periods t = 1, 2, . . . , T.

2. At the beginning of each time period, the target moves from a
cell, say i, to a cell, say j, of its neighbors N(i), with transition
probability matrix P = [pij]. As indicated in Fig. 1, we adopted
hexagon cells as in [12] instead of square cells. In this case, the
neighbors of a cell are defined as the adjacent cells, that are at
most 6, and the cell itself. Let W denote the maximum number of
neighbors of a cell, i.e., W = max

i∈{1,2,. . .,C}|N(i)| = 7.

3. A single searcher, aware of the initial location of the target, exam-
ines v cells with 1�v�m during each unit time period, where m
is the maximum number of cells which a searcher can examine
during unit time period. We call v the speed of the searcher in
the unit time period, and Nv(i) the set of cells that the searcher
can reach from i in a unit time at the speed of v. If v=1, namely if
v is equal to the target's speed, as assumed in most of the previ-
ous studies [5–8,10], we have Nv(i)=N(i). Also let Wv denote the
maximum number of neighbors of a cell when a searcher moves
at the speed v. If we adopt hexagon cells as in Fig. 1, then it is
easy to show that Wv = max

i∈{1,2,. . .,C}|Nv(i)| = 3v2 + 3v + 1 by

induction on v.

Fig. 1. A search path with relocation in a 400 hexagon-cell area.

4. If both the searcher moving at the speed v and the target happens
to be in the same cell, say i, the detection occurs with probability
qi,v = 1 − e−�i,v for some �i,v >0.

5. The higher the search speed becomes, the lower the detection
chances are �i,u >�i,v if u<v.

Note that if we set m = 1 in Assumption 3, the relocation model
reduces to the previous basic model [10]. Fig. 1 illustrates a search
path according to the triple-speed option, namely v= 1–3. Our goal
then is to find a search path over the time periods t = 1, 2, . . . , T that
minimizes the nondetection probability, that is, the probability that
the target survives the search.

2. A heuristic for the relocation model

The proposed solution method for the relocation model is based
on the algorithm for the basic model (namely, for the case when
m = 1) recently proposed by Hong et al.[10], referred to as basic
heuristic hereafter. Therefore, for a self-contained exposition, we first
discuss the basic heuristic.

2.1. Basic heuristic for m = 1

The basic heuristic optimizes an approximate, instead of ex-
act, detection probability of a path that is computed based on the
conditional probabilities that take account of events over a fixed
length window of l periods, for a predetermined control parameter l.
Throughout this subsection, we fix a search path P := i1− i2−· · ·− iT
where it is the cell visited by the searcher during the time pe-
riod t = 1, 2, . . . , T. Also let It denote the event that the target is
not detected from the cell it along the search path P. Then, the
nondetection probability of the search path P is

n(P) = Pr(I1I2I3 · · · It−1It · · · IT−1IT )

= Pr(I1) Pr(I2|I1) Pr(I3|I1I2)
· · ·Pr(It|I1I2 · · · It−1) · · ·Pr(IT |I1I2 · · · IT−1). (1)

The idea is to consider only the search history of the l − 1 pre-
ceding time periods to the current one, t, for some predetermined,
l, in computing conditional probabilities (1): for each t > l, we use
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Fig. 2. An instance with C = 9 and T = 5 and the corresponding depth-2 network.

Pr(It|It−l+1It−l+2 · · · It−1) instead of Pr(It|I1I2 · · · It−1). We will refer
to the resulting nondetection probability of P as the depth-l approx-
imation of n(P) and denote it by Appxl(P):

Appxl(P) = Pr(I1) Pr(I2|I1) · · ·Pr(Il|I1I2 · · · Il−1)

Pr(Il+1|I2I3 · · · Il) · · ·
Pr(It|It−l+1It−l+2 · · · It−1) · · ·
Pr(IT |IT−l+1IT−l+2 · · · IT−1)

= Pr(I1I2 · · · Il) Pr(Il+1|I2I3 · · · Il) · · ·
Pr(IT |IT−l+1IT−l+2 · · · IT−1). (2)

Hong et al. [10] proved that the relative error �(l) = |Appxl(P) −
n(P)|/n(P) converges to 0 exponentially fast in l : �(l) = o(2−l) under
the simplifying assumptions. First, the search path is a straight-line
whose cells are distinct for all periods. Second, if the target is in
the same cell, the searcher detects it with probability 1. Third, there
is a constant � <1 such that for any search path P the probability
that the target exists in any cell along P is ��. Finally, the Markov
chain defined by the target's movement is reversible. Their proof
relies on the fast-mixing property of the Markov chain [11]. From
an intensive computational experiment, however, the exponential
error behavior is also observed from the instances that do not satisfy
the assumptions. This is a justification of the basic heuristic that
minimizes Appxl(P) instead of n(P) and, therefore, whose output
path quality critically depends on �(l). In this paper, we will make a
similar observation from the heuristic for the relocation model. (See,
for example, Proposition 3.2 and Fig. 4 in Section 3.)

The computational advantage of minimization of Appxl(P) instead
of n(P) is that it can be solved via a shortest-path problem on an
acyclic layered network. Let us call the network the depth-l network.

2.1.1. Construction of the depth-l network
Let us discuss how to construct the depth-l network for the case

l=2 using the 3×3 cell example from Fig. 2. As illustrated in the figure,
the underlying network has T = 5 layers: L0 ≡ {s}, L1,2, L2,3, L3,4, and
L4,5, where s is the initial location of the searcher. For t�1, each layer
Lt,t+1 consists of the nodes representing the pairs of neighboring
cells [it , it+1] which the searcher can visit over the consecutive time
periods, t and t + 1. For instance, as s = 1 is the initial location, the
layer L1,2 has the nodes [1, 1], [1, 2], [1, 4], and [1, 5] as indicated in
the figure. Hence, each layer, except L0, has at mostWC=7×9 nodes.

The node s ∈ L0 is connected to every node [i1, i2] of L1,2 and
the arcs are assigned the cost log Pr(I1I2). For t = 1, 2, . . . , T − 2, the
two nodes [ht ,ht+1] ∈ Lt,t+1 and [it+1, it+2] ∈ Lt+1,t+2 are connected

with an arc and assigned the cost log Pr(It+2|It+1) if and only if
ht+1 = it+1. Then, there is one-to-one correspondence between a
search path P = i1 − i2 − · · · − iT and a path, s − [i1, i2] − [i2, i3] −
· · · − [iT−1, iT ] in the layered network, and the cost of the latter path
is log Pr(I1I2) + log Pr(I3|I2) + · · · + log Pr(IT |IT−1) which is exactly
log Appx2(P) from (2).

Consider, for instance, the path P= i1 − i2 − i3 − i4 − i5 with i1 =1,
i2 = 2, i3 = 5, i4 = 6, and i5 = 9. Then it corresponds to the path
1 − [1, 2] − [2, 5] − [5, 6] − [6, 9] of the depth-2 network, and vice
versa. Furthermore, from the cost construction, it is easy to check the
cost of the latter path log Pr(I1I2) + log Pr(I3|I2) + · · · + log Pr(I5|I4)
is exactly log Appx2(P).

It is not hard to see that the idea can be extended for gen-
eral l's. Construct a network with T − l + 2 layers: L0 ≡ {s},
L
1,2,. . .,l

, L
2,3,. . .,l+1

, . . . , L
T−l+1,T−l+2,. . .,T

. For t = 1, 2, . . . , T − l +
1, each node of the layer L

t,t+1,. . .,t+l−1
represents the cells

[it , it+1, . . . , it+l−1] which the searcher may visit over the l con-
secutive time periods, t, t + 1, . . . , t + l − 1. Hence, each layer
has at most Wl−1C nodes. The node s is connected to every
node [i1, i2, . . . , il] ∈ L

1,2,. . .,l
with the cost log Pr(I1I2 · · · Il). For

t = 1, 2, 3, . . . , T − l, two nodes [ht ,ht+1, . . . ,ht+l−1] ∈ L
t,t+1,. . .,t+l−1

and [it+1, it+2, . . . , it+l] ∈ L
t+1,t+2,. . .,t+l

are connected if and only

if [ht+1, . . . ,ht+l−1] = [it+1, . . . , it+l−1]. And all such arcs are as-
signed cost log Pr(It+l|It+1 · · · It+l−1). Then, each search path
P = i1 − i2 − · · · − iT corresponds to the path, s − [i1, i2, . . . , il] −
[i2, i3, . . . , il+1] − · · · − [iT−l+1, iT−l+2, . . . , iT ] in the layered network,
and vice versa. Finally, thelog cost of P is equal to the cost of the
corresponding path in the layered network from (2).

From the correspondence between the search and network paths,
min{Appxl(P) : P search path} is solvable via a shortest-path prob-
lem on an acyclic network. Thus, the basic heuristic consists of
two steps: the construction of the depth-l network and solving the
shortest-path problem on it. The computational complexity of this
heuristic will be given as a special case of the following heuristic for
the extended model.

2.2. Heuristic for the relocation model

To discuss the heuristic for the relocation model, we write a
searcher's path, P := i1 − i2 − · · · − iT , where each it = (i1t , i

2
t , . . . , i

v
t )

denotes the path of the cells the searcher, moving at the speed of v,
visits in a unit time period t and will be referred to as the t-th sub-
path of P. For instance P = (i11, i

2
1, i

3
1) − (i12, i

2
2) − (i13) means that the

searcher, moving at the speed v = 3, visits three cells i11, i
2
1, and i31
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Fig. 3. An instance with C = 9 and T = 5 and the corresponding (2, 2)-network.

during the unit time period 1. Then it visits two cells i12 and i22 dur-
ing the time period 2, etc. When the searcher moves at the speed
v, for the same pair of the initial and final cells, i1t and ivt , respec-
tively, there are more than one possible choices of the t-th subpath
it = (i1t , i

2
t , . . . , i

v
t ); a choice should be made to minimize the overall

path P. To reduce the problem complexity, however, we adopt the
heuristic choice rule to use a path whose sum �i1t ,t

+�i2t ,t
+· · ·+�ivt ,t

is the maximum, where �j,t is the probability that the target is in

cell j ∈ {1, 2, . . . ,C} over the time periods t. Then, for a fixed initial
cell i1t , the number of possible choices of the t-th subpath is equal to
the number of cells reachable from i1t at the speed of v − 1 in a unit
period time, namely, |Nv−1(i1t )|. The number of possible choices of
the t-th subpath, it , is, therefore, at most

CWm−1. (3)

Let It denote the event that the target is not detected from any cell
of the t-th subpath it = (i1t , i

2
t , . . . , i

v
t ) searched during a time period t.

The heuristic for the relocation model finds a path P that minimizes
Appxl(P) of (2) instead of n(P) of (1). Then, similarly, the problem can
be posed as a shortest-path problem on an acyclic layered network
called the (m, l)-network.

2.2.1. Construction of the (m, l)-network
The (m, l)-network is similar to the depth-l network. It also has

T − l+ 2 layers: L0 ≡ {s}, L
1,2,. . .,l

, L
2,3,. . .,l+1

, . . . , L
T−l+1,T−l+2,. . .,T

. For

t=1, 2, . . . , T − l+1, each node of the layers L
t,t+1,. . .,t+l−1

represents

the path [it , it+1, . . ., it+l−1] which the searcher may traverse over the
l consecutive time periods, t, t+1, . . . , t+ l−1. But, each it represents
not a single cell but a subpath of cells, (i1t , i

2
t , . . . , i

v
t ), that a searcher,

moving at the speed v(�m), examines during the unit time period t.
The remaining steps of constructing the (m, l)-layered network is

similar to the construction of the depth-l network. Also the log cost of
P is log Appxl(P) = log(Pr(I1I2 · · · Il) Pr(Il+1|I2 · · · Il) Pr(Il+2|I3 · · · Il+1)
· · ·Pr(IT |IT−l+1IT−l+2 · · · IT−1)) which is equal to the cost of the cor-
responding path in the (m, l)-network.

See Fig. 3 which illustrates the (2, 2)-network of the same 3 × 3
cell instance. The (2, 2)-network is almost identical to the previous
depth-2 network except that each layer has more nodes. Each node
corresponds to a path the searcher may traverse over two consecu-
tive time periods at the speed v=1 or 2. For instance, the search path
P=(1)−(2, 3)−(6, 8)−(7)−(5) corresponds to the path 1−[(1), (2, 3)]−
[(2, 3), (6, 8)] − [(6, 8), (7)] − [(7), (5)] in the network. The cost of the

path in the network is log Pr(I1I2)+ log Pr(I3|I2)+ · · · + log Pr(I5|I4)
which is exactly log Appx2(P).

Each layer has at most Wm−1W
l−1
m C nodes. To see this, re-

call that each node of layer L
t,t+1,. . .,t+l−1

represents the path

[it , it+1, . . . , it+l−1] which the searcher may traverse over the l con-
secutive time periods, t, t + 1, . . . , t + l − 1. From (3), the number
of possible choices of the t-th subpath it is bounded by CWm−1.
However, for the same it , the number of subpaths it+1 that can
be concatenated to it is at most Wm. Therefore, we get the up-
perbound Wm−1W

l−1
m C. For simplicity, however, we will use

Wl
mC(�Wm−1W

l−1
m C) instead as it does not essentially affect the

analysis of time complexity of the heuristic.

Proposition 2.1. The (m, l)-network has O(Wl+1
m CT) arcs and can be

constructed in O(lWWl+1
m C2T) time.

Proof. From the above discussion, each layer has Wl
mC nodes and

each node has at most Wm neighbors in the next layer. As there are
at most T layers, the (m, l)-network has O(Wl+1

m CT) arcs.
As observed in [7], when the target motion is Markovian with a

transition matrixP as in the second assumption, for the basic model,
the nondetection probability of the search path P is given as follows:

n(P) = Pr(I1I2 · · · IT ) = �·,1P(i1)P(i2) · · ·P(iT )1, (4)

where 1 stands for a column vector of all ones, �·,� is the row vector
of the target's distribution over the search cells at time �, andP(j) is
obtained from P by multiplying its j th column by exp(−�j). Notice
that then P(j) represents the transition in which the target does not
visit cell j, or visits cell j but detection does not happen during the
unit time period t.

For the relocation model, we can extend (4) as follows:

Pr(It+1It+2 · · · It+l) = �·,t+1P(it+1)P(it+2) · · ·P(it+l)1, (5)

where �·,� is the same as before. But, since it , as a subpath, is a
sequence of cells, to compute the transition probability P(it), we
need to multiply the j th column of P by exp(−�j,v) for all cells j
of the subpath it . Then, similarly, P(it) represents the transition in
which the target does not visit any cell j of it , or visits a cell j of it
but detection does not happen during the unit time period t.

Each cell has at most W neighbors, which implies that each col-
umn ofP has at most W nonzero elements. Hence, a single multipli-
cation of a row vector and matrixP(i�) in the order, as in (5), can be
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performed in O(WC) time. By repeating this operation l times, (5) can
be computed in O(lWC) time. Since it requires O(1) such computa-
tion to evaluate each arc cost log Pr(It+l|It+1 · · · It+l−1), the complete

set of arc costs can be obtained in O(lWWl+1
m C2T) time, which is the

bottleneck operation in the construction of an (m, l)-network. �

2.2.2. Computational complexity of the heuristic
From the preceding discussion, a search path P̂ minimizing Appxl

can be found by solving the shortest-path problem on the (m, l)-
network.

Algorithm 2.2 (Heuristic based on exact shortest paths). Step 1: Con-
struct the (m, l)-network using the approximation Appxl.

Step 2: Find a path P̂ that minimizes Appxl by solving the shortest-
path problem on the (m, l)-network and return P̂ as the search path.

Once the (m, l)-network has been constructed, the shortest-path
problem on an acyclic network can be solved in a linear time of
the number of arcs. Hence, from Proposition 2.1, the O(lWWl+1

m C2T)
network construction time determines the complexity of Algorithm
2.2. (It follows that the basic heuristic has O(lWl+2C2T) complexity as
W1=W .) Whenm and l is fixed, this is pseudo-polynomial. However,
for large instances, this is still an extensive computation. Therefore,
we suggest the following modification.

First, at the beginning of each time period t, divide the search
area into four quadrants where the origin is set to the searcher's
current location. The searcher always chooses the next subpath from
the quadrant containing the cell j whose current �j,t is the largest.

Hence, Wm reduces to 1
4Wm.

Second, we suggest a hybridized heuristic. As the (m, l)-network
is layered, a shortest path from s to the last layer can be constructed
by extending the path in layer-by-layer fashion in the order of the
discrete-time periods t = 1, 2, . . . , T. In doing so, an exact algorithm
is applied to the layers up to a certain period of time, chosen to be
l in our case. Then we extend the current subpath by choosing the
nearest node in the next layer from the end node of the subpath.

This heuristic is justified by the fast-mixing property of the
Markov chain [11] which tells that the probability densities �j,t of
target's location converge exponentially fast in time t to their sta-
tionary probabilities �j which are typically small fractions. Hence,
after a certain period of time, the costs of paths (derived from (5))
will have marginal differences. Therefore, the forward local-search
heuristic in the second stage of search path construction maintains
a near-optimality. This observation will be confirmed by the test
which compares this hybrid and Algorithm 2.2 based on exact short-
est paths (see, for example, Fig. 6). This hybridized heuristic will be
referred to as the heuristic based on suboptimal shortest paths.

Proposition 2.3. The complexity of the heuristic based on suboptimal
shortest paths is O(l2WWl+1

m C2).

Proof. As we have to consider the complete arcs only up to the l-th,
instead of T-th, layer, the network construction takes O(l2WWl+1

m C2)
time from Proposition 2.1. And then the forward construction of
suboptimal shortest path takes a linear time in T and Wm. But,
this is dominated by the computational efforts for the network
construction. �

3. Experimental results

3.1. Instance design

Our heuristic is tested on the instances designed as follows. We
use square search area tiled with C=100 and 400 hexagon cells (see

Table 1
Instance parameters.

m s C T

1, 2, 3 Drift, escape 100, 400 10, 20, 30, 40, 50

∗qi,1 = 0.7, qi,2 = 0.35, qi,3 = 0.23, ∀i ∈ {1, . . . ,C}.

Fig. 1 for a 400-cell search area). The search duration T is set to be 10,
20, 30, 40, and 50. We set up two different target behaviors, `drift'
and `escape'. In the former, at each transition, the target stays in the
same cell, say i, with probability 0.5 and moves to each adjacent
cell with the same probability, namely pij = 0.5/(|N(i)| − 1) for every
j ∈ N(i)\{i}. In the latter, the target has a destination, an arbitrary but
predesignated cell, say, c. The target stays in the same cell i with
probability 1

7 , but moves to an adjacent cell closer to the target cell
with a bigger probability: in the experiment, for j ∈ N(i)\{i}, we set
pij = 6

7 · 1/(djc + 1)/
∑

l∈N(i)\{i}1/dlc + 1, where djc is the Euclidean
distance from cell j to the target cell c.

When v = 1, 2, and 3, the corresponding detection probability
of the target in the same cell is set to 0.7, 0.35, and 0.23, respec-
tively. We tested three cases of the maximum speed of the searcher,
namely m = 1–3. The initial location of the target is fixed to the
same cell but the 50 initial locations of the searcher are randomly
generated for each C. Also we tested the heuristic from the depth-1
up to 5.

Table 1 summarizes the resulted 60 combinations of these param-
eters. For convenience, each combination is denoted: � = (m, s,C, T),
where m is the maximum search speed of the searcher, s indicates
whether the target is `drift' or `escape', C is the number of cells, and
T is the search duration.

Remark 3.1. When m = 3, we were unable to test the heuristic for
l = 5 as it requires an extensive memory. The heuristic was imple-
mented on a PC with `Intel(R) Core2 2.13GHz CPU(6400) and 1GB
RAM.

3.2. The 3�-quality of heuristic solutions

The quality of the our heuristic search path is determined by the
relative error � of n̂(P) to n(P).

Proposition 3.2 (Hong et al. [10, Proposition 3.1]). Suppose the
approximation n̂(P) = Appxl(P) guarantees a relative error � >0 :
|n̂(P) − n(P)|��n(P) for any P. Then, our heuristic search path has the
nondetection probability which is no greater than 1 + 2�/1 − � times
the exact minimum.

To estimate �, for each l = 1, . . . , 50, we compute the relative er-
ror |Appxl(P) − n(P)|/n(P) for a 1000 random paths for each � of 60
combinations. Given the mean, 	, and the standard deviation, �, of
the observed errors, we use � = 	 + 3� as the estimation of the ap-
proximation error of a search path. Fig. 4 shows, as a function of
l= 1, 2, . . . , 50, the 3�-upperbound of n̂(P) to n(P) for a 1000 random
search paths in the instance � = (m, drift, 100, 50) for m = 1, 2, 3 and
� = (1, escape,C, 50) for C = 100, 400. Thus, the error behavior of the
basic model discussed in Section 2.1 is also observed in the relo-
cation model. Namely, the error diminishes exponentially fast as l
increases. It is also interesting to observe that the errors are smaller
when we have more choices of search speed.

3.3. Correlation between n(P) and n̂(P)

The approximation factor 1+ 2�/1− � from Proposition 3.2 is at-
tained only when the correlation coefficient between n(P) and n̂(P)
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Fig. 4. 3�-Upperbound of relative error versus depth-l. (a) � = (m, drift, 100, 50) with m = 1–3. (b) � = (1, escape,C, 50) with C = 100 and 400.

Fig. 5. (a) Correlation between n(P) and n̂(P) for � = (2, s, 400, T). (b) Linear regression of n̂(P) w.r.t. n(P) for � = (2, drift, 400, 50) and l = 5.

is negative in a neighborhood of the optimal detection probability.
In this sense, the above 3�-quality is too pessimistic. If n(P) and n̂(P)
are perfectly related, namely the correlation coefficient between n(P)
and n̂(P) is 1, we can always find an optimal path using n̂(P) in-
stead of n(P). In Fig. 5(a), the correlation coefficients between n(P)
and n̂(P) are plotted for a 1000 random paths from � = (2, s, 400, T).
For l = 5, they are no less than 0.998. Also (b) shows a linear re-
gression of n̂(P) in terms of n(P) for a 1000 random paths using
�= (2, drift, 400, 50) and l=5 whose R2 =0.9986. These observations
strongly suggest that our algorithm provides near-optimal search
paths.

3.4. Comparison of the heuristics based on exact and suboptimal
shortest paths

In Fig. 6, we compare nondetection probabilities from Algorithm
2.2 and its faster modification, the heuristic based on suboptimal
shortest paths over the 50 instances per each combination of � =
(1, s,C, T). As discussed in Section 2.2.2, due to the fast-mixing prop-
erty of the Markov chain, the differences are very marginal: the aver-
age and maximum relative errors are 0.94% and 5.16%, respectively.
From now on, all instances are solved by the heuristic based on sub-
optimal shortest paths.

3.5. Search-relocation trade-off effects

Table 2 summarizes the improvements in the nondetection prob-
ability due to search-relocation trade-off enabled by the multiple
option of search speed, m=1–3 for the 20 combinations of the other
parameters. Inside the parentheses are indicated the relative im-
provements in the nondetection probability of the multiple-speed
cases to the single speed case. As expected, the more choices of
speeds a searcher has, the less nondetection probability the heuristic
can attain even though the marginal improvement decreases.

The 400-cell instances show somewhat larger improvements than
the 100-cell instances. On the other hand, the results demonstrate
fairly even improvements for all search durations. This explains that
the trade-off is mostly attained in the early stage of search.

Finally, the target behavior seems the most significant factor of
the trade-off effects. The `escape' instances could attain about 60%
of the improvement that the `drift' instances achieved. This seems
due to that the fast-mixing property relies on the reversibility of a
Markov chain that the `escape' instances do not have.

3.6. Illustration of search paths

Fig. 7 illustrates typical search paths obtained from m = 1 and 3.
In the latter, the searcher utilizes the multiple option of speeds to
improve the nondetection probability.
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Fig. 6. Comparison of the heuristics based on exact and suboptimal shortest paths.

Table 2
The nondetection probability (percentage improvements relative to m = 1) for m = 1–3 over the 50 instances from each � of 60 combinations when l = 4.

C T Drift Escape

m = 1 m = 2 m = 3 m = 1 m = 2 m = 3

100 10 62.8 55.8 (11.1) 52.5 (16.4) 76.2 72.0 (5.5) 70.1 (8.0)
20 52.5 47.1 (10.4) 44.4 (15.5) 67.6 59.9 (11.4) 58.3 (13.8)
30 46.9 42.1 (10.2) 39.7 (15.3) 52.7 50.2 (4.8) 48.9 (7.3)
40 42.7 38.4 (10.0) 36.2 (15.1) 45.8 43.8 (4.5) 42.6 (7.1)
50 39.4 35.4 (10.3) 33.5 (15.1) 41.7 39.6 (5.2) 38.5 (7.7)

Averg. improv. – (10.4) (15.5) – (6.3) (8.8)

400 10 83.3 71.0 (14.7) 65.2 (21.7) 88.7 81.6 (8.0) 78.1 (12.0)
20 68.9 60.5 (12.2) 55.5 (19.4) 80.7 74.5 (7.7) 71.4 (11.6)
30 62.6 55.6 (11.1) 51.1 (18.3) 76.9 70.8 (7.9) 67.9 (11.6)
40 58.7 52.5 (10.6) 48.2 (17.8) 74.5 68.6 (7.9) 65.8 (11.7)
50 56.0 50.0 (10.6) 46.0 (17.8) 72.8 67.0 (8.0) 64.3 (11.7)

Averg. improv. – (11.8) (19.0) – (7.9) (11.7)

Fig. 7. Search paths for m = 1 and 3 when � = (m, escape, 100, 15) and l = 4. The nondetection probability improves from 0.738 to 0.653.
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Fig. 8. CPU time vs. l, m and T for � = (m, drift,C, T). (a) m = 1, (b) T = 50, and (c) m = 2.

3.7. CPU time

From Proposition 2.3, the CPU time increases exponentially in l as
confirmed in Fig. 8(a). RecallWm=3m2+3m+1. Hence, the CPU time
is also an increasing function of m, which is observed from Fig. 8(b).
But, as we used the heuristic based on suboptimal shortest paths,
the computation time is rather insensitive to the search duration T
(see Fig. 8(c)).

4. Conclusions and future research

We have proposed a path-constrained Markovian-target search
model which can attain an optimal search-relocation trade-off. Also
we have developed a scalable heuristic solution method that pro-
vides near-optimal search paths out of the expected trade-off in
acceptable computation time.

The proposed model and the heuristic are extendible to the
multiple-searcher case by considering the combinations of move-
ment of multiple searchers in the depth-l network. However, the
network size will grow exponentially in the number of searchers.
Thus, it seems essential to devise a heuristic with at least an order
of magnitude reduced computation time.
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